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Abstract— To overcome a conflict between required highredundancy for flexible manipulation and heavy weight caused
by the high-redundancy structure, we proposed a realistic idea
that contacting and bracing motion of intermediate links with
environment may solve the conflict. This idea is inspired by
human s handwriting motion with the elbow or wrist contacting
to a table. Moreover considering the flexible motion availability
of the manipulator, a mobile robot which would give the mobile
manipulator an ability to reach where it wanted can be designed
as the basement of hyper-redundant manipulator. Thus in this
paper we first proposed a dynamical model of hyper-redundant
mobile manipulator whose plural elbows of intermediate links
are being braced with environment. Then some simulations
were done to confirm the effect of our system and the outcome
of simulations indicates that our system indeed can improve
accuracy and save energy.
keywords— hyper-redundant manipulator; bracing motion;
save energy;

I. INTRODUCTION
As we known hyper-redundant manipulator s flexible
operation needs high redundancy. However with the increase
of redundancy, the weight of manipulator will increase at the
same time, which will cause the controlling of manipulator
becomes difficult. Since increasing of redundancy amplifies
the influence of gravity toward each link, and that the effect
is highly nonlinear. Then the motion controller should be
with high motion control gains and large-sized motors with
adequate output, which may cause the whole robot system
unstable.
For solving this problem we obtain some inspirations about
effective motion control strategies by observing human
s handwriting motion. Writing on a paper with one s
elbow contacting, as Fig.I(a) shows, is a familiar action of
human being. Known from our experiences, we can save
energy for writing task and can write correctly by the elbow
or wrist supported by the desk. Suggested by this typical
example, we came up with an idea that robots may also
execute tasks with less energy and higher accuracy by using
constrained contacting with environments, as Fig.I(b)shows.
Furthermore, we can see this contacting strategy can also
prevent the manipulator from overturning.
On the other hand, considering some work in our life
cannot be done if the manipulator is stationary. For example,
as Fig.I(c) shows, in the manufacture of ships, we need to
use manipulator to paint the ship surface. In this case, a
mobile vehicle which can keep the manipulator moving while

(b) Contacting strategy
(a) Human’s writing motion

working is necessary.
So in this research, we propose a model of mobile
manipulator with multi-elbow and a mobile basement which
is shown in Fig.I(d) and this redundant manipulator s
plural intermediate links can contact to the ground. Then we
calculate the dynamics model according to the systemization
of multi- constraint condition of elbows and equation of
manipulator motion. Based the dynamics model, we made
the program simulation. At last we do three experiments. The
first one is to confirm that if this mobile manipulator doesn
t has muti-elbows, it will turnover easily. The second one is
to prove the simulation is correctly done. The third one is to
verify this proposed model indeed has the high accuracy and
energy-saving performances. By the outcomes of this three
experiments, we can see all the tentative ideas are proved to
be correct.
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Accumulating all the above vectors (i = 1, 2, · · · , p)
where p is the number of contact point, so the next relations
are redefined.

II. MODELLING OF HYPER-REDUNDANT
MOBILE MANIPULATOR WITH CONSTRAINT
A. Manipulator’s Model with Hand’s Constraint
To make the explanation of constraint motion with multielbows be easily understandable, we discuss firstly about the
model of the manipulator whose end-effector is contacing
with rigid environment without elasticity. Equation of motion
of manipulator is composed of rigid structure of s links, and
also contact relation between manipulator’s end-effector and
definition of constraint surface should be introduced firstly.
Here according to the kinematic relation, manipulator
hand’s position/posture vector r ∈ Rs and scalar function,
a single constraint condition C that is used to express the
hypersurface can be expressed as
r = r(q)
(1)
C(r(q)) = 0
(2)
Here Eq.(1) and Eq.(2) represent constraint is undeformed.
To move freely in the directions without constraint the
freedom of manipulator’s end-effctor is left to be more than
one, so here s > 1. If we set fn to indicate the constraint
force of manipulator hand, then the relation of u and fn can
be expressed as
∂C
(3)
u = fn /k T k
∂r
k∂C/∂r T k shows Euclidean norm of vector ∂C/∂r T . Then
manipulator’s equation of motion can be derived by combining Eq(??) with Eq(3) with viscous friction of joints [12].
M (q)q̈ + h(q, q̇) + g(q) + D q̇
∂C
∂C
∂r
ṙ
= τ + {( T )T /k T k}fn − ( T )T
ft (4)
∂q
∂r
∂q
kṙk

M is inertia matrix of s × s, h and g are s × 1 vectors
which indicate the effects from coriolis force, centrifugal
force and gravity, D is a s × s matrix which indicates the
coefficient of joints’ viscous friction, expressed as D =
diag[D1 , D2 , · · · , Ds ]. q is the joint angle and τ is the input
torque.
B. Model with Multiple Constraints
Here we consider a motion of a manipulator having s
links whose elbows are contact at p points with environments
defined as
Ci (r i (q)) = 0, (i = 1, 2, · · ·, p)

(5)

where r i is the equation of position and posture of link i
contacting with constraint, like Eq(1).
r i = r i (q)
(6)
The Eq(4) describes a motion of the manipulator whose
hand is constrained. Under the situation with the i-th link
contacting, then we can define two vectors concerning i-th
constraint condition Ci as follows,
∂Ci
∂Ci
( T )T /k T k = jc Ti
(7)
∂q
∂r
∂r i
ṙ i
( T )T
= jt Ti
(8)
∂q
kṙ i k

Jc T

=

T

=

fn
ft

=
=

Jt

[jc T1 , jc T2 , · · · , jc Tp ]

[jt T1 ,

jt T2 ,

· · · , jt Tp ]
[fn1 , fn2 , · · · , fnp ]T
[ft1 , ft2 , · · · , ftp ]T

(9)
(10)
(11)
(12)

Jc T , Jt T are s × p matrices, fn , ft are p × 1 vectors.
Considering about p constraints of the intermediate links,
the manipulator’s equation of motion can be expressed as
M (q)q̈ + h(q, q̇) + g(q) + D q̇
p
p
X
X
= τ+
(jc Ti fni ) −
(jt Ti fti )
= τ+

i=1
J c T fn

i=1

T

− J t ft

(13)

Moreover, Eq (5) is differentiated by time t two times,
then we can derive the constraint condition of q̈.
¸
·
∂Ci
∂ ∂Ci
( T )q̇ q̇ + ( T )q̈ = 0
(14)
∂q ∂q
∂q
To make sure that manipulator hand is contact with the
undeformed constraint surface all the time, value of q(t) in
Eq(13) always has to satisfy Eq(5) which has no relationship
with time t, if value of q̈ in Eq(14) have the same value with
q̈ in Eq(13), then value of q(t) in Eq(13) and Eq(5) always
keeps the same value regardless of time.
C. Robot/Motor Equation with Contact Constraint
To make sure that q̈ in Eq (14) are identical, constraint
force fn is subordinately decided by simultaneous equation.
Then Eq (14) should be transformed as follows
(M + Jm )q̈ − Jc T fn
= Km i − h − g − (D + Dm )q̇ − Jt T ft
·
¸
∂Ci
∂ ∂Ci
( T )q̈ = −
(
)q̇ q̇
∂q
∂q ∂q
·
¸
∂ ∂Ci
= −q̇ T
( T ) q̇
∂q ∂q

(15)

(16)

Here we assume that friction force fti is dynamic friction
and define it as ft = kfn (i = 1, 2, · · · , p), here we define
k = 0.3.
The inertia term (M + Jm ) is a (s + 2) × (s + 2) matrix,
the coefficient vector of constraint force jc Ti is s × 1 vertical
vector, ∂Ci /∂q T is 1×s horizontal vector, inductance term L
is s×s diagonal matrix, therefore, the matrix of the first term
in left side in Eq (17) is a matrix of (2s+p+2)×(2s+p+2).
And q¨L , q¨R can be included in q̈ and τL , τR can be also
obtained by the current i input from the motors of two
wheels. So then eqnarray can be rewritten concisely using
the definitions of Eq (9) and Eq (11) as follows,





M + Jm −Jc T + kJ Tt 0
q̈
 ∂C

0
0   fn 
 ∂qT
i̇
0
0
L


Km i − h −
¸ Dm )q̇
· g − (D +



= 
−q̇ T ∂∂q ( ∂∂qCT ) q̇


v − Ri − Km q̇

(17)

where, C is a vector of C = [C1 , C2 , · · · , Cp ]T . Furthermore by redefining as

M + Jm −Jc T + kJ Tt 0


M ∗ =  ∂∂qCT
0
0  (18)
0
0
L


Km i − h −
· g − (D +
¸ Dm )q̇



b =
−q̇ T ∂∂q ( ∂∂qCT ) q̇
(19)


v − Ri − Km q̇

Then Eq (17) can be expressed as


q̈
M ∗  fn  = b
i̇

(20)

Here M ∗ has been confirmed to be nonsingular matrix
before by us, and then calculate the inverse of M ∗ , finally
the unknown value of q̈,fn ,i̇ can be determined based on
the above simultaneous equation.
III. E XPERIMENTS
A. Overturning Simulation
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Fig. 1.

W
¡ W fz0
nx0 ¢
+
<0
(21)
2
L
the mobile manipulator will overtured towards the left. And
when
W
¡ W fz0
nx0 ¢
−
<0
(22)
2
L
the mobile manipulator will overturned towards the right. But
from the simulation, we can see if we add the manipulator
with bracing elbow, the mobile manipulator will not turn
over. So we can get the conclusion that this proposed model
can prevent the mobile manipulator from overturning.

B. Target tracking Simulation
In this section, first we will prove the simulation made by
us is correctly done and then by the confirmed simulation, we
will verify our proposed model indeed has the high accuracy
and energy-saving performances. Simulation’s condition has
been set as: mobile’s mass is m0 = 10[kg], width is W =
0.5[m], length is S = 0.8[m], height is H = 0.3[m], the
radius of two wheels is r = 0.1[m], each link’s mass is mi =
1[kg], length is l1 = 0[m], lj = 0.3[m],radius of cylindrical
link is ri = 0.01[m],proportional gain is kpi = 1000,velocity
gain is kdi = 1000,viscous friction coefficient of joint is
Di = 0.5, torque constant is Ki = 0.203, resistance is
Ri = 1.1[Ω], inductance is Li = 0.0017[H],inertia moment
of motor is Imi = 0.000164, viscous friction coefficient
of reducer is dmi = 0.01 and these parameters are given
by actucal motor’s specufications. Initial condition of each
link: q1 (0) = 0.0π, q2 (0) = 1.15π, q3 (0) = 0.5π, q4 (0) =
−0.4π, q5 (0) = 0.25π, q6 (0) = 0.25π,q7 (0) =
−0.5π, q8 (0) = 0.25π, q9 (0) = −0.25π, q10 (0) = 0.15π,
q̇i = 0. And the trajectory has been set as a circle with
radius is 0.1[m], center is (x, y, z) = (0, 1.35, 0.45), target
which is tracked by the manipulator hand will rotate in counterclockwise along this circle trajectory. Then the Simulation
has been done following four situations shown as Fig.2 which
are two different directions views of the model.
(a) trajectory tracking motion with no bracing elbow;
(b) trajectory tracking motion with one bracing elbow at
joint 5;
(c) trajectory tracking motion with one bracing elbow at
joint 8;
(d) trajectory tracking motion with two bracing elbows.
Simulation results are shown in Fig.3(a)∼Fig.3(d). Com-

Overturning Simulation

As the Fig.1 shows, we made the hyper-redundant manipulator program simulation. We can see that if this mobile
manipulator doesn t have bracing elbow, the constraint force
of wheels will possible be negative, which means this mobile
will turn over.
In this simulation, the force in z axis direction is W fz0 ,
the moment in x axis direction is W nx0 , and the length of
mobile is 2L, then when

Fig. 2.

The initial shape of simulation model

paring the four graphs in axis Z direction, we can see that

the distance between the target and track in the first graph
is largest in which manipulator with no bracing elbow. And
in the fourth graph is least in which manipulator with two
bracing elbows. We can get that the manipulator hand can
track the circle trajectory more accurately with more restraint
elbows. Especially, in z axis, along with gravity s direction.
So this phenomenon can verify our proposed model indeed
has the high accuracy performances.
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in the future.
Next we will consider the method how to input the suitable
torque and force to control the mobile robot effectively
and accurately without overturning. And also we can try
some other ways to control this mobile manipulator. At last
we found the whole dynamical model has some characters
resembling a humanoid, such as the two wheels of mobile
root can be replaced by the feet of humanoid robot and
the contacting of manipulator with ground is similar with
the hands of humanoid robot touching ground. Therefore we
will use this proposed dynamical model of hyper-redundant
mobile manipulator as a foundation to discuss constraint
motion of humanoid robot to environment.
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Fig. 3.

The trajecktery of the tracking

Fig.4 shows all the electric energy. Even though the frication force of bracing elbows may consume some energy. But
from Fig.4 we can see the electric energy is still decreasing
with constraint point increasing, which is the proof that
constraint condition can make the model of hyper-redundant
manipulator with mobile robot less-consumption. So our
proposed model indeed can save energy.
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IV. CONCLUSION
In this paper we first proposed a dynamical model of
hyper-redundant mobile manipulator whose plural elbows of
intermediate links are being braced with environment. Then
some simulations were done to confirm the effect of our
system and the outcome of simulations indicates that our
system indeed can improve accuracy and save energy. So we
can believe our proposed model can be widely application
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